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Abstract
LetKn be the set of all compact subsets of Rn, metrized by the Hausdorff metric. We characterize
the typical element of the set of all elements of Kn that contain an open ε-ball. In the second section
of the paper, we prove several subspaces of Kn consisting of submanifolds of Rn are meager. In the
final section of the paper, we provide an elementary proof that the subspace of all compact, connected
and locally connected sets is meager. We also prove that the subspace of all compact arc-connected
sets is meager.
 2002 Elsevier Science B.V. All rights reserved.
MSC: 54B20; 54E50; 54D05; 54E52; 57N40
Keywords: Hyperspaces; Meager spaces; Baire Category Theorem
Introduction
LetM be a complete metric space. The set A⊂M is called nowhere dense if its closure,
A, contains no open set. A set is called meager if it is the countable union of nowhere dense
sets. The complement of a meager set is called a generic set. An element of a generic set is
called typical. One version of the Baire Category Theorem states that in a complete metric
space, a generic set is dense. See [24] for many generalizations and applications of the
Baire Category Theorem.
Let Kn be the set of all compact subsets of Rn equipped with the Hausdorff metric,
defined as follows [14]: Let the distance d(x,Y ) from the point x to the compact set Y be
defined by:
d(x,Y )=min{d(x, y) | y ∈ Y}.
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Then the distance between two compact sets X and Y is defined:D(X,Y )=max
{
max
x∈X
{
d(x,Y )
}
, max
y∈Y
{
d(y,X)
}}
.
The space Kn endowed with the Hausdorff metric is a complete metric space, thus the
Baire Category Theorem obtains both in Kn and in any closed subset of Kn.
Notation for the remainder of the paper: A small x is a point in Rn; a large X is a
compact subset of Rn and a point of Kn; last, a script X is a subspace of Kn. We also call
a continuous function p : [0,1]→Rn a path. We will frequently identify a path p with its
image p([0,1]) and often refer to it as an arc, ρ.
To conclude the introduction, we note other work which either utilizes Kn or addresses
issues similar to those we are interested in. Bruckner et al. [1,6] have sought to understand
the dynamics of typical continuous functions by looking at generic attractors in K1 and
K2. In a similar vein, Kennedy [17] has analyzed generic attractors on compact manifolds.
Akins et al. [2] have examined typical homeomorphisms on compact manifolds, and
in [25], Wicks explores connections between Kn, generic self-similar fractals and non-
standard analysis.
1. Typical sets of subspaces ofKn
The space Kn endowed with the Hausdorff metric is a complete metric space, thus the
Baire Category Theorem obtains both in Kn and in any closed subset of Kn. Consequently,
one may uncover many interesting properties of typical sets of various subspaces of Kn.
• Recall a Cantor set is a compact, perfect and totally disconnected set. The typical X in
Kn is a Cantor set [14] of Hausdorff dimension 0. See, in chronologic order, [23,11,
12,26,9].
• Let C ⊂Kn be the subspace consisting of all connected compact sets. Then the typical
element of C is a pseudo-arc 1 [3]. Furthermore, the typical element of C is of Hausdorff
dimension 1 and possesses infinite 1-dimensional Hausdorff measure [12].
• Let G be the subspace consisting of all convex bodies in Rn and let Z be the subspace
consisting of all star bodies. Gruber, Zamfirescu and others have proved many results
for typical elements of G and Z . For a summary of some of the main results and an
excellent set of references for further explorations, see Chapter 4 in [13].
• For n  2 let M be a compact C1 n-dimensional submanifold in Rn. Then M has a
boundary, ∂M , which is itself a compact manifold of topological dimension n − 1.
The frame-approximation space, F(M), is a carefully chosen space of deformations
of ∂M . It is complete; in [4], we show the typical element of F(M) is a nowhere-
differentiable manifold that surprisingly is of Hausdorff dimension n− 1.
Our contribution to the characterization of typical elements was motivated by the desire
to find a subspace of K3 to model the objects in the world we perceive with our eyes
1 See [15] for the definition of a pseudo-arc.
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and, say, a good strong optical microscope. The aim was to understand the boundary of
the typical element of a 3-dimensional object in terms of its Hausdorff dimension and
differentiability (for more on this, see [4,5]).
Consider the closed subset Dnε ⊂ Kn, defined as follows. Let ε > 0 be fixed. Then Dnε
is the set of all X ∈Kn such that each component of X contains an open ball of radius ε.
Because X is compact, hence bounded, the open ball condition forces X to consist of a
finite number of components. Now ε can be chosen to be arbitrarily small, and although
a point X consists—as a set in Rn—of a finite number of components, that number may
be very, very large. Thus, we claim the space Dnε is a good model for the universe as we
perceive it. For example, even a waterfall and its mist can be construed as a finite number of
pieces, each of which contains an open ball of some minimum positive radius. It is worth
mentioning that Dnε is nowhere dense in Kn: Every element of Dnε must be at least ε/2
from a compact set Y that consists of a single point.
Notice that every element X ofDnε , considered as an subset of Rn, is guaranteed to have
a non-trivial boundary. It was our original intent to show that for the typical X of Dnε , the
boundary ∂X would be nowhere-differentiable yet of Hausdorff dimension n− 1. Using
methods of Gruber [12], we were able to show that the Hausdorff dimension was indeed
n − 1; however, the non-differentiability proved evasive. The Ball-and-Chain Theorem,
which characterizes the typical element of Dnε , makes this transparent.
The Ball-and-Chain Theorem. For n 2, the typical element X of Dnε is the union of a
closed ε-ball and a pseudo-arc. Consequently, dimH (∂X)= n− 1.
Proof. Begin by observing that to prove Dnε is complete, it is sufficient to see that it
is closed. The Blaschke Selection Theorem—a sort of Bolzano–Weierstrass Theorem
for Kn—implies that if {Xi} is a Cauchy sequence, then {Xi} will converge to a point
X ∈Kn with the following properties. The compact set X will consist of a finite number of
connected components, each of which contains a ball of size ε or larger. (See [7,8,18–20].)
That is, Dnε is closed.
An element of Dnε consists of a finite number of connected components. Without loss
of generality, we restrict our attention to those elements X which consist of a single
component. The general case follows easily. We proceed by tweaking Bing’s proof [3]
that the typical compact connected set is a pseudo-arc.
Define an α-ball-and-chain as a finite collection of open balls {b(x0, ε + α), b(x1, α),
. . . , b(xk,α)} where open balls only intersect when they are adjacent; that is,
bi ∩ bj = ∅ if and only if |i − j | 1.
Let X ∈ Dnε and let x0 be the center of an ε-ball contained in X. (The definition of Dnε
ensures the existence of such a ball.) We say that X is ball-and-chainable if for all α > 0,
X is contained in an α-ball-and-chain. Note that the ball b(x0, ε + α) is large enough to
contain an ε-ball.
The proof now proceeds exactly as Bing’s with the addition of the (ε + α)-ball at the
end of the α-chain. Define
Uk =
{
X ∈Dnε |X is
1
k
-ball-and-chainable
}
.
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We assert that each set Uk is open and dense in Dnε . The complement Dnε \ Uk is closed by
the Blaschke Selection Theorem: A sequence of sets in the complement cannot converge
to a set small enough to be 1/k-ball-and-chainable. Density follows from the density of
pseudo-arcs in the subspace of connected compact sets. Clearly the ball portion of a ball-
and-chainable set converges to a closed ball of radius ε. To see that the chain portion of the
ball-and-chain converges to a pseudo-arc, we direct the reader to [3,16] for the details.
Consequently, the typical element of Dnε is the union of a closed ε-ball and a pseudo-
arc. For n > 3, the assertion about the Hausdorff dimension of the boundary is obvious.
For n = 2, we rely on Gruber’s result [12] that the typical pseudo-arc is of Hausdorff
dimension 1. ✷
Corollary. Let W ∈Kn such that W is any compact connected set that contains an ε-ball.
Define
Wnε =
{
X ∈Kn |X is connected and W ⊂X}.
Then the typical element of Wnε is the union of W and a pseudo-arc.
Proof. Apply the method of the Ball-and-Chain Theorem substituting
U =
⋃
x∈W
b(x,α)
for the ball b(x0, ε+ α). Taking the intersection with α going to zero yields the result. ✷
2. Meager subspaces ofKn
As noted in the introduction, the Baire Category Theorem has been extended to many
other kinds of spaces besides complete metric spaces. Consequently, one may look at
subspaces of Kn which attract one’s attention and attempt to determine if the Baire
Category Theorem applies. It is somewhat disappointing to report that a space is meager,
for then one may not discuss the existence of a typical set. So, it is with mixed emotions
that we list the following meager subspaces of Kn. The first four appear in [22] and are due
to J. Quinn.
• The subspace A consisting of all embedded arcs.
• The subspace E consisting of all embedded circles.
• The subspace T consisting of all embedded simple triods. A simple triod is homeo-
morphic to the capital letter .
• The subspace Θ consisting of all embedded objects homeomorphic to a circle union a
closed interval; that is, objects homeomorphic to the Greek letter θ .
As mentioned above, we searched for an appropriate subspace of K3 with which to
model the objects we see in the world. Along the way, we investigated many likely sub-
spaces, all of which turned out to be meager. Theorem 2 sketches proofs of the meagerness
of four of the more interesting of these subspaces.
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Theorem 2. For n 2, the following subspaces of Kn are each the union of a countable
number of nowhere dense sets.
(1) The space D′, in which each element consists of a finite number of connected
components; the ith component contains an open ball of radius εi .
(2) The space of all compact n-dimensional submanifolds of Rn.
(3) The subspaceM of all n-dimensional compact submanifolds of Rn that have diameter
greater than some pre-assigned ε.
(4) The subspace M′ of all n-dimensional compact connected submanifolds of Rn that
have diameter greater than some pre-assigned ε.
Proof of (1). Note that Dnε ⊂ D′ and that the only difference between Dnε and D′ is that
there is no lower bound on how small the balls may become. This, however, implies that
D′ is not closed: for example, consider a sequence of balls shrinking down to a point.2
To see that D′ is the countable union of closed nowhere dense sets, let
Mk =
{
X ∈D′ | every component of X has diameter  1
k
}
.
NowMk is closed in D′, because the Blaschke Selection Theorem implies that a sequence
Xi of elements must converge to an X whose smallest component must also have diameter
greater than or equal to 1/k. Furthermore, Mk is nowhere dense: Let Y ∈ D′. It is easy
to see that for some m > k, there is an element W of Mm consisting of a finite set of
n-dimensional balls of radius 1/m that is arbitrarily close to Y . It is also clear that
X ∈Mk ⇒ D(X,W)  m− k
km
.
Since Mk is closed, it immediately follows that it is nowhere dense in D′. Last, to see that
D′ is meager, note that
D′ =
∞⋃
k=1
Mk. ✷
Proof of (2). A simple modification of the argument used in the proof of (1) yields the
same result: Let Mk be the set of submanifolds X of Rn such that every component of X
has diameter greater than or equal to 1/k. The proof is now exactly the same. ✷
Proof of (3). The problem raised above may be remedied by letting M be the space of
all compact n-dimensional submanifolds, each of whose components has diameter greater
than or equal to a pre-assigned ε. However, to see that M is the countable union of closed
nowhere dense sets, let
Mk = {X ∈M |X consists of no more than k connected components}.
2 In some sense, we can think ofD′ as Q, another space which is the countable union of closed nowhere dense
sets. The correlate for Dnε is Z, which is nowhere dense in Q, yet Z still satisfies the Baire Category Theorem!
This is because each element n of Z is dense in the open neighborhood (n− 1, n+ 1).
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Now Mk is closed in M, because although a sequence of connected components may
merge into one another, a sequence of connected components must stay connected.
Furthermore,Mk is nowhere dense: Let X ∈M. It is easy to see that for m> k, there is a
sequence {Xi} such that Xi consists of at least m connected components and Xi converges
to X. Thus there are no open sets contained in Mk; thereforeMk is nowhere dense. Last,
M=
∞⋃
k=1
Mk. ✷
Proof of (4). Recall M′ is the subspace consisting of all n-dimensional compact
connected submanifolds of Rn that have diameter greater than some pre-assigned ε. For
this subspace, it is possible to adapt Bing’s argument (also used in the proof of the Ball-
and-Chain Theorem) to show that M′ is meager.
This time, let Mk be the set of all X in M′ such that X cannot be covered by a 1/k-
chain. The Blaschke Selection Theorem once again entails that Mk is closed and it is a
straightforward construction that for any Y ∈M′, we can find some very skinny, elongated
sphere W arbitrarily close to Y . Clearly such a skinny W can be covered by a 1/k-chain;
therefore,Mk is nowhere dense. It follows that M′ is meager. ✷
3. More meager subspaces ofKn
Given the striking difference between the typical element of Kn, the Cantor Set, and
the typical connected element, the pseudo-arc, it is natural to wonder whether more refined
versions of connectivity might yield interesting typical sets. Unfortunately, the content of
Theorem 3 is that two natural subspaces of Kn are meager.
Recall that a set X is locally connected at a point x if for any neighborhoodU of x , there
exists a neighborhood V of x such that V ⊂U and V ∩X consists of a single component.
Then X is locally connected if it is locally connected at all points. Recall also that a set
X is arc-connected if for all points a, b ∈X, there exists a continuous path p : [0,1]→X
such that p(0)= a and p(1)= b. The main result of this paper is
Theorem 3. The following two subspaces of Kn are meager.
(1) The subspaceP , which consists of all compact, connected and locally connected sets.3
An element of P is also called a Peano continuum.
(2) The subspace AC , which consists of all arc-connected compact subsets.
Note that a single point x ∈ Rn is trivially a compact set and is a degenerate element
of both P and AC . The set consisting of all single points is clearly nowhere dense in P
and AC , as points are not close to arcs, but short arcs are arbitrarily close to single points
in the Hausdorff metric. For the remainder of the paper, we ignore this set, assuming it is
3 The first part of Theorem 3 also follows from Gladdines and van Mill [10].
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one of the countable collection of nowhere dense sets comprising the meager subspaces P
and AC .
Before we begin the proof of Theorem 3, we collect three lemmas, the first of which
derives from Bing [3]. The other lemmas are related to well-known results; however, we
have not been able to find a precise reference. Define an ε-chain as a finite collection of
open balls {b0(x0, ε), . . . , bk(xk, ε)} = {b0, . . . , bk}, where only adjacent balls intersect:
bi ∩ bj = ∅ if and only if |i − j | 1.
Then a compact connected set X is called a snake-like continuum if, for all ε > 0, the set
X can be covered by an ε-chain.
Lemma 1. In bothP andAC, the set of allX which are NOT snake-like continua is meager.
Proof. We show Lemma 1 for P ; the proof for AC is precisely the same. Define
Uk =
{
X ∈P |X is 1
k
-chainable
}
.
We assert that each set P \ Uk is closed and nowhere dense in P . The set P \ Uk is closed
by the Blaschke Selection Theorem. A sequence of sets in the complement of Uk cannot
converge to a set small enough to be 1/k-chainable. To see that P \ Uk is nowhere dense,
it suffices to show Uk is dense. Let X ∈ P and let ε > 0. We will find a Y ∈ Uk such that
D(X,Y ) < ε. CoverX by a finite number of open balls {b1, . . . , bn} of radius ε/2. It is easy
to see that one may embed a piecewise linear arc Y in the finite union of the ε-balls {bi}
such that Y intersects each bi . Clearly, Y is snake-like and, by construction, D(X,Y ) < ε.
Thus Uk is open and dense; it follows P \ Uk is nowhere dense.
If X is not snake-like, then it is not contained in Uk for some k. Therefore, the union of
the sets {P \ Uk} is the countable union of nowhere dense sets; hence it is meager. ✷
A result we use in the proof of the first part of Theorem 3 is that a connected, locally
connected compact set is also arc-connected [15]; thus P is actually a subspace of AC .
Consequently, Lemmas 2 and 3 also apply to both P andAC. Let S be the set of all snake-
like continua contained in AC.
Lemma 2. Let X ∈ S and let a, b be any two points in X. Then there is a unique arc
connecting a to b.
Proof. Let a, b be elements of X ∈ S and let ρ be an arc that connects the two points.
Suppose ρ′ = ρ is another arc connecting a to b. Then the Hausdorff distance between
the arcs, D(ρ,ρ′) is ε, where ε is strictly greater than 0. Cover X with an ε/2-chain and
observe that ρ and ρ′ cannot both be in the same set of balls {bi, . . . , bk} connecting a
to b. Since both arcs must be contained in balls, there is a loop of balls from a to b and
back again, contradicting the fact that X is a snake-like continuum. Therefore ρ must be
unique. ✷
Lemma 3. Let a, b, ρ and X be as in Lemma 2. Let c /∈ ρ be an element of X and let w
be in ρ \ {a, b}. Then there does not exist an arc ρ′ connecting c to w that does not pass
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through either a or b. In other words, there are no branches or off-shoots from any arc in
X.
Proof. Suppose such an arc ρ′ existed. Let ε be the minimum Euclidean distance between
any pair of the points {a, b, c,w} and note that ε is strictly greater than 0. Cover X by an
ε/2-chain and observe that the ε/2-ball containing w must intersect the three other ε/2-
balls containing the arcs that connect w to a, b and c. This contradicts the fact that X ∈ S ,
which proves the lemma. ✷
Proof of Theorem 3(1). Let S be the set of snake-like continua in P . Lemma 1 proves
that the complement of S is meager; we will now show S is meager. Since the union of
two meager sets is meager, it follows that P is meager.
In fact, we will actually show that S =A, the subspace of all embedded compact arcs;
as mentioned in the previous section, A is meager. Note that an embedded arc is clearly
locally connected and snake-like, so A⊂ S . Let X in S . By Lemma 2, we know that every
two points of X are joined by a unique arc and by Lemma 3, we know that there are no
branches or protrusions from an arc.
Cover X by a 1/m-chain {b0(x0,1/m), . . . , bk(xk,1/m)}. Joining the xi by unique arcs
yields an embedded arc that comprises all of X, except perhaps for points in b0 and bk .
Letting 1/m→ 0 yields, at each end of the embedded arc, a convergent sequence of points
formed by the center points of b0 and bk . By compactness, these two sequences must
converge to endpoints, a and b, contained in X. Let ρ be the unique arc joining a to b. It
must be the case that X is equal to ρ: Clearly ρ ⊂X. If there exists x in X such that x /∈ ρ,
then the minimal distance from x to the set ρ must equal some ε > 0. Covering X by an
ε/2-chain {b0, . . . , bk} implies, for some r ∈ ρ and some 0 i  k, that
d(x, r) d(x, xi)+ d(xi, r) < ε,
which is a contradiction. Last, by local connectivity, ρ is an embedded arc. Consequently,
S =A is meager; therefore P is meager. ✷
Proof of Theorem 3(2). Once again, let S be the set of snake-like continua in AC .
Surprisingly, we will show S = A, again implying that S is meager. By Lemma 1, the
complement of S is meager; therefore, it follows that AC is meager.
The added difficulty in working inAC is that there is no longer a guarantee that X ∈AC
is locally connected.4 Thus, we first show that although X may not be locally connected at
a point, it must be locally connected for a dense set of x ∈X.
Lemma 4. For X ∈AC , let x ∈X. In every neighborhood of x , there exists a point z such
that X is locally connected at z.
Proof. Suppose otherwise; that is, suppose there exists x ∈ X and ε > 0 such that
every point z ∈ b(x, ε) is not locally connected. Observe that by Lemmas 2 and 3, each
4 For example, consider the topologists’ sine curve. See [21].
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component of X ∩ b(x, ε) is a unique arc. Let R be the set consisting of the union of these
unique arcs. We will find a point y ∈ b(x, ε) such that
y /∈R, yet y ∈ R,
which contradicts the compactness of X.
Observe the set of components of R must be countable: Every component in R can
be uniquely arc-connected to every other component. Let ρ, a continuous injective image
of (0,1), be the arc we get by connecting all of the components. Pulling back via the
continuous injection, each component corresponds to an open interval contained in (0,1).
There can be only countably many disjoint open intervals in (0,1), hence R is countable.
Let {R1,R2, . . .} be a list of the components of R. Choose y1 ∈ R such that
y1 ∈ b(x, ε) and y1 /∈ R1.
We can find such a y1 because x is not locally connected and the arc R1 is nowhere dense.
Next, because d(y1,R1) > 0, we may choose m1 > 1 such that
b(y1,1/m1)∩R1 = ∅ and b(y1,1/m1)⊂ b(x, ε).
In general, choose yi ∈ R such that
yi ∈ b(yi−1,1/mi−1) and yi /∈Ri.
Again, we find such a yi by our hypothesis that every point in b(x, ε) is not locally
connected and the fact that Ri is nowhere dense. Because d(yi,Ri) > 0, we may choose
mi > i such that
b(yi,1/mi)∩Ri = ∅ and b(yi,1/mi)⊂ b(yi−1,1/mi−1).
We find the contradiction by letting
y =
∞⋂
i=1
b(yi,1/mi).
Observe that the intersection is non-empty, as the sets are nested and compact. Note that
y /∈R, for if it was, it would have to be in some Rk . However, by construction, the closure
of the kth ball does not intersect Rk . Last, each yi is in R and the sequence {yi} converges
to y , which implies the compact set X is not closed: contradiction. Thus, there must be a
locally connected point z in b(x, ε). ✷
We complete the proof by showing X ∈ S must be locally connected, which implies that
S = A, the subspace of embedded arcs. Towards this end, assume there exists an X ∈ S
with x ∈X such that for all ε > 0, the set b(x, ε)∩X is not locally connected.
Now let ρx be the maximal arc containing x such that every point in ρx is not locally
connected. By Lemma 4, ρx cannot be equal to X. Note also that ρx is closed: Every
neighborhood of a limit point q of ρx contains points that are locally disconnected; hence,
q must be locally disconnected, too. Consequently, ρx must have at least one endpoint a;
otherwise, ρx =X.
It is possible that a is truly an endpoint of X—think of the endpoint (0,1) of the
topologists’ sine curve. In such a situation, the other end of ρx must have an endpoint
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a′, such that every neighborhood of a′ contains a locally connected point y on the same
local component as a′. Otherwise, ρx =X, again contradicting Lemma 4.
Cover X by an ε-chain and choose a locally connected y in b(a, ε) such that y is on the
same arc-component as the endpoint a. Let ρy be the maximal arc containing y that does
not include the arc connecting y to x . That is, ρy is the maximal arc in the direction away
from a that has y as an endpoint.
Case 1: If
ρy ∩ ρx = ∅,
then points in ρy are arbitrarily close to ρx . Let w be a locally connected point on the
arc between a and y and let the Euclidean distance d(w,y)= α. Choose δ < α such that
X∩ b(w, δ) andX∩ b(y, δ) each consist of a single component. CoveringX with a δ-chain
creates a loop of δ-balls from some
c ∈ ρx ∩ ρy
to a to w to y back along ρy to b(c, δ), contradicting the fact that X is snake-like.
Case 2: If
ρy ∩ ρx = ∅,
then the other direction of the arc ρx must also have an endpoint, b. If not, the compact, arc-
connected and snake-like set ρx is nowhere locally connected, which contradicts Lemma 4.
Using b, one proceeds as in Case 1, finding a similar contradiction. Therefore, X in S
implies that X is locally connected, which completes the proof of Theorem 3. ✷
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